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Abstract 



A generalization to any dimension of the fermion field transformation which 
allows to derive the solution of the massless Schwinger model in the path 
integral framework is identified. New arguments based on this transformation 
for a Nambu-Jona-Lasinio (NJL) like model as the low energy limit of a gauge 
theory in dimension greater than two are presented. Our result supports the 
spontaneous chiral symmetry breaking picture conjectured by Nambu many 
years ago and the link between QCD, NJL and chiral models. 
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Although the theory of strong interactions is known already for a long time our under- 
standing of hadronic physics is still very limited. While at high energies a simple description 
in terms of quark and gluon degrees of freedom is possible no similar simple description of the 
low energy nonperturbative domain is still available and the basic mechanisms behind the 
low energy properties (confinement and chiral symmetry breaking) are not well understood. 
A candidate for a model incorporating dynamical symmetry breaking and goldstone bosons is 
the Nambu-Jona-Lasinio model [|I|] as a bridge between the high energy description in terms 
of quark and gluons and the chiral Lagrangian description at low energies. The absence of 
low mass glueballs can also be used as an argument in favour of an effective fermionic theory 
at intermediate energies. A Nambu-Jona-Lasinio like effective model of QCD at intermedi- 
ate energies HH provides a new framework for studying its non-perturbative behavior. A 
comparison of the Nambu-Jona-Lasinio with esperimental data and extensions are consid- 
ered in |H] . The possibility to use the relation of the Nambu-Jona-Lasinio model with QCD 
in order to make some progress in the understanding of the low energy hadronic properties 
depends on the knowledge of the details of this (possible) relation. The aim of this work is 
to present new arguments, in the path integral formulation, in favor of a fermionic model as 
an approximation to a gauge theory. 

The main idea is to introduce an effective fermionic field such that, as a consequence of 
the change of variables, an effective mass for the gauge field is generated. If one considers 
the low energy expansion of the integration over the gauge field, a Lagrangian with contact 
interactions for the effective field is obtained. 

The Schwinger model (QED in D = 2) is an example where a transformation of the 
fermionic field H] , generating a mass term for the gauge field, is used. The transformation is 
in this case an axial U(l) transformation with a parameter identified as the scalar field whose 
derivatives give the transverse part of the gauge field. A peculiarity of the two dimensional 
case is that, simultaneously to the generation of an effective mass for the gauge field, the 
effective fermionic field decouples and the model reduces to a free theory M. 

An axial U(l) transformation in D > 2 is not the required change of variables since the 
Jacobian of the transformation || will not be linear in the gauge field. An alternative is to 
consider a transformation ip — » \ where 

1>(x)=Q(x) X (x) , fi(x) = exp[ V"(x) 7m 7,] (1) 

with uj^ v = —u vtl . In two dimensions ry^ 1 = 7 5 and the change of variables in ([I]) reduces 
to an axial U(l) transformation. 

The Jacobian J[u), A] of the transformation ([!]) is a ratio of fermionic determinants, 

= det[t@ + A] 

This result is obtained by comparing the result of the fermionic integration using the original 
field ij} as integration variable with the same integral evaluated in terms of the effective 
fermionic field x ■ 

In the evaluation of the fermionic determinants, the gauge field A^(x) and the parameters 
Lj fJ,v (x) are external fields coupled to the fermionic field through the fermionic part of the 
gauge theory Lagrangian which, written in terms of the field Xi takes the following form: 
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C g = xto{u)[ip + 4]Q(u)x 



(3) 



In the case of an infinitesimal transformation, the dominant contribution to the Jacobian can 
be obtained from the one loop diagram with two fermionic propagators connecting a vertex 
with a gauge field as external line with another vertex where the gauge field is replaced by 



An ultraviolet regularization is required in order to have a well defined Jacobian (and 
field transformation) for D > 2 . A trivial calculation gives 

J[u, A] = 1 + A D - 2 J d D x d v u^ A fl + . . . (4) 

where A is an energy scale proportional to the ultraviolet cut-off with a proportionality 
factor depending on the details of the regularization (covariant momentum cut-off, heat 
kernel method 0,. . .). Higher order terms in the Jacobian include corrections supressed by 
factors <jj and/or 1/A . 

The next step is to make an appropriate choice of the effective fermionic field, i.e. a choice 
for , allowing to integrate over the gauge field and to obtain an effective fermionic model. 
Given the general decomposition of a vector field 

A — f) rv 4- e F) v (K\ 

it is possible to consider a change of fermionic variables ([!]) depending on the gauge field 
where 

As a consequence of the Jacobian of the change of variables one has, at leading order in e , 
an additional term in the Lagrangian 

Cj = i c a d -M m or - ^ . (7) 

which can be seen as a mass term for the vector field A^ in the Lorentz gauge, d^A^ = 0. 

It is a difficult dynamical issue to see whether there is a physical mass scale corresponding 
to a limit e — > 0, A — > oo with a fixed value for the product eA 2 in D = 4. If this is the 
case then, in the range of energies E such that E 2 <C eA 2 , the effect of the gauge interaction 
reduces to a point-like four-fermion coupling and after integration over the gauge field one 
has a La grangian for the effective fermionic field 

d d 

+ a xi^X XYX ■ (8) 

The last term has a coefficient a depending on the gauge fixing used in the integration over 
A^ but the gauge invariance of the theory guarantees that the a-dependence will cancel at 
the level of observables. One can take in particular a gauge fixing such that a = and the 
fermionic effective Lagrangian is just a Thirring model in four dimensions. 
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The fermionic system is a non-renormalizable theory that has to be understood as an 
effective theory with a limited energy range of validity. As any effective theory || it will have 
a natural scale M (scale of the energy expansion) which allows to introduce a dimensionless 
parameter for each term in the effective Lagrangian. One has for example a dimensionless 
effective self-coupling g associated to the current-current interaction 

M 2 

In the derivation of the fermionic Lagrangian (|8|) the effect of the change of variables at the 
level of the Lagrangian has not been taken into account. When the gauge theory action is 
written in terms of the effective fermionic field x one nas an expansion in powers of e or 
equivalently an expansion in M 2 /A 2 . If the scale of the effective fermionic theory can be 
made arbitrarily small in units of the ultraviolet cut-off of the original gauge theory then the 
corrections due to the expansion in e will be arbitrarily small justifying the approximation 
used to get (|J). Note that as a consequence of the quadratic ultraviolet divergence, the 
Jacobian generates a term in the fermionic Lagrangian that, although proportional to e, is 
not suppressed by powers of M 2 /A 2 . 

The fluctuations for the fermionic field % in the low energy effective theory are restricted 
to the energy range E < M. This restriction is crucial for the consistency of the approx- 
imation where the mass term from the Jacobian is retained while the effect of the change 
of variables in the Lagrangian is neglected. In fact if the fermionic field is integrated out 
directly before eliminating the gauge field then the standard fermionic determinant of a 
gauge invariant term has to be reobtained so the quadratic term in (0) has to be canceled 
with a similar term from the x fi e ld integration over fluctuations with E < M. 
The previous arguments suggest a possible "derivation" of a fermionic effective theory in a 
Wilsonian approach as a consequence of the integration over energy bands. The result in 
(§) differs from the generic renormalization group result which would contain a linear com- 
bination of all possible four-fermion terms. This difference is more striking if one considers 
several fermionic fields and/or several gauge fields. 

In fact all the arguments leading to the fermionic representation of the gauge theory can 
be trivially generalized to the non-abelian SU(N C ) case with one or several multiplets of 
fermionic fields in the fundamental representation. One has to include a flavor (I) and a 
color (i) index in the fermionic field. The vector field becomes a Lie-algebra valued gauge 
field = A^T a and, at the same time, one has to consider a fermionic field transformation 
(|l|) with uj^y = uj® u T a . If the parameter is obtained from the component A a of the gauge 
field by @ and (^), the result for the Jacobian of the transformation will be still given by 
(0) with a trace over color indices and no derivative terms if the Lorentz gauge condition 
d 11 A a = is used. The four-fermion coupling generated in this case after integration over 
the gauge field is given by 

47" } = l/(eA 2 ) XiYT a X i XJl,T a X j • (10) 

It can be surprising at first look that the strong gluonic self-interactions at low energies do not 
play any role in the approximation used for the gauge field integration. Actually this is not 
the case because such strong non-perturbative effects are crucial in the dynamics responsible 
of the implicitly assumed dynamical mass M. The effects of the gluonic self-interactions of 
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the non-abelian gauge theory will also be incorporated in the effective fermionic theory 
through the determination of the values of the parameters of the effective theory, like the 
dimensionless four-fermion coupling g, by the matching of both theories. 



Using the identity 



T tj T kl = \ [fafaj ~ Jj- 5 ij 5 ki} (11) 



for the generators in the fundamental representation and the Fierz identity in D = 4 for the 
product 7 M <g) 7^ , one grangian for the fermionic system 



r (n.a.) - ■ ua i 9 
£fer = XHJ^Xl + Jfi 



XiXjXjXi ~ XH 5 XjXj1 5 Xi 



+XiYXJ XjI^Xi - XH YXJ XjIpI Xi 
1 M 2 

+ 0( — , — — ) + "higher dimensional terms" , (12) 
v iV c A 2 v ' 

where the OiM 2 /A 2 ) are due to terms proportional to e coming from the change of fermionic 
variables in the action, the "higher dimensional terms" come from corrections to the approx- 
imation used in the gauge field integration and there are 0(1/N C ) terms from the identity 
(|TT|) for the generators T a in the fundamental representation. 

The fermionic model obtained at leading order in 1/N C is an extension of the Nambu- 
Jona-Lasinio (ENJL) model. This result had been proposed previously as a conjecture 
on the behavior of a gauge theory at intermediate energies, compatible with the chiral 
symmetry of the gauge theory at leading order in 1/N C , which allows to calculate the low 
energy parameters | 1~0| . In fact the fermionic model is a particular case with the constraint 



Gs = 4:Gy on the two couplings of the general ENJL model ]IT]]. This relation among cou- 
plings, considered previously as a perturbative estimate (one gluon exchange) valid only at 
short distances, has been reobtained in this work at the nonperturbative level as a conse- 
quence of the introduction of the effective fermionic field x- A redefinition of the fermionic 
transformation (H) would lead to a reformulation of the same fermionic system with different 
variables. Then the constraint on the parameters of the ENJL model is a consequence of the 
dynamical content of the derivation of the effective fermionic model and it goes beyond pure 
symmetry arguments at low energies. The same conclusion can be derived from a compar- 
ison of the very particular form of the 1/N C term (— g 2 /\2N c M 2 ]Xn^Xi XjI^Xj) with the 
general form [[| for the 1/N C terms in an ENJL model. The particular form of the "higher 
dimensional terms" in flT2| ) would only be required if one considers the effective fermionic 
theory at energies close to the scale M but in this range of energies it is more convenient to 
consider the original gauge theory. 

A strong phenomenological argument in favour of the validity of the derivation of the 
fermionic model presented in this work is that values for the couplings of the chiral La- 
grangian in reasonable agreement with the experimental values, are obtained from the ENJL 
model (including the case Gs = 4Gv) in the case of QCD (Nf = N c = 3). It would be inter- 
esting to go beyond the dominant term in the 1/N C expansion in the derivation of the chiral 
Lagrangian from the fermionic model. 

Besides the constraint among the two couplings of a general ENJL model [JTOj . 



or more 



precisely the very particular form for the effective fermionic Lagrangian in (M) as compared 
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with the most general form for the four-fermion interaction satisfying the symmetry require- 
ments set by QCD [Q, another result of the derivation of the fermionic model from the 
gauge theory is the relation g/M 2 = l/(eA 2 ) among the parameters (g, M 2 ) of the fermionic 
model, the ultraviolet cut-off of the gauge theory used in the calculation of the Jacobian of 
the fermionic transformation and the parameter e appearing in the definition of the effective 
fermionic field. In order to determine the two parameters (g, M 2 ) a matching of the results 
of the effective theory at E < M with those of the gauge theory should be considered. In 
the case of QCD an alternative is to determine indirectly these parameters from a fit to the 
low energy parameters. 

Although there are no essential differences at the level of the change of fermionic variables 
between the abelian and nonabelian cases it can happen that the generation of a dynamical 
mass is a consequence of the growth at low energies of the gluonic self-interactions and then 
that an effective fermionic description is only possible in the non-abelian case. Alternatively 
one can consider the possibility of spontaneous symmetry breaking and dynamical mass 
generation in the abelian manifestation in a fermionic model of a strongly coupled 

QED phase. 

To summarize, a new method to derive fermionic fields and a fermionic effective La- 
grangian for gauge theories has been presented. The main idea is to identify a change of 
variables, sensitive to the ultraviolet domain of the theory, which shows the presence of 
an intermediate scale M in the theory. We assume that this scale can be interpreted as a 
dynamically generated mass scale and also that below this scale a description of the system 
in terms of only fermionic fields is possible. When this idea is applied to QCD an ENJL 
model is obtained at leading order in 1/N C whose low energy limit is compatible with the 
low energy properties as described through a chiral Lagrangian. It could be interesting to 
explore other possible applications of the change of variables introduced in this work consid- 
ering different gauge groups, different representations for the matter fields and dimension of 
space-time. Another possible extension of the present work can be based on different choices 
for the transformation (i.e. different choices for uj^). 
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fondecyt-chile 1950278| , 1960229 and Dicyt-USACH (J. C). One of us (J. G.) is a recipient 
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